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Abstract 

Let T be an underlying space with a non- atomic measure a on it. In [Comm. Math. Phys. 
292 (2009), 99-129] the Meixner class of non-commutative generalized stochastic processes 
with freely independent values, uj = (uj(t))t<=T, was characterized through the continuity of 
the corresponding orthogonal polynomials. In this paper, we derive a generating function for 
these orthogonal polynomials. The first question we have to answer is: What should serve as a 
generating function for a system of polynomials of infinitely many non-commuting variables? 
We construct a class of operator-valued functions Z = (Z(t))teT such that Z(t) commutes 
with uj(s) for any s,t £ T. Then a generating function can be understood as G(Z,uj) = 
£~ It- P^H^ih), . . .,u{tn))Z{h) ■ ■ ■ Z{t n )a{dt x ) ■ ■ ■ a(dt n ), where pW(w(*0, • • ■ ,«/(*„)) 
is (the kernel of the) n-th orthogonal polynomial. We derive an explicit form of G(Z,u), 
which has a resolvent form and resembles the generating function in the classical case, albeit 
it involves integrals of non-commuting operators. We finally discuss a related problem of the 
action of the annihilation operators df, t G T. In contrast to the classical case, we prove 
that the operators dt related to the free Gaussian and Poisson processes have a property of 
globality. This result is genuinely infinite-dimensional, since in one dimension one loses the 
notion of globality. 



1 Introduction and preliminaries 

This paper serves as a continuation of our research started in [9]. We recall that the 
Meixner class of non- commutative generalized stochastic processes with freely inde- 
pendent values was characterized in [9] through the continuity of the corresponding 
orthogonal polynomials. The main aim of the present paper is to derive the generating 
function for these orthogonal polynomials. 

Let us first briefly recall some known results on the generating function of Meixner 
polynomials, in both the classical and free cases. Below, when speaking of orthogonal 
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polynomials on the real line, we will always assume that their measure of orthogonality 
has infinite support and is centered. 

According to e.g. [10] (see also the original paper [15]). the Meixner class of orthog- 
onal polynomials on R consists of all monic orthogonal polynomials (P( n ))JJL whose 
(exponential) generating function has the form 

oo p(n)( \ 00 1 

G ^ x ) := E = <»p(z*(*) + *(*)) = ]T - (**(*) + $ (^)) fc ' 

where z is from a neighborhood of zero in C, ^ and $ are analytic functions in a neigh- 
borhood of zero such that $(0) = \I/(0) = ^'(0) = 0. This assumption automatically 
implies that 

«&(*) = -cw*)), (1.1) 

where C(^) is the cumulant generating function of the measure of orthogonality, fi: 

00 n 
C{z) = S2-C^\ 

n=l 

C^ n ' being the n-th cumulant of fi. Recall that 

C7(*)=log (J^'^ds^j. 

Each system of Meixner polynomials is characterized by three parameters k > 0, A G R, 
and 1] > 0. The corresponding orthogonal polynomials satisfy the recursion relation 

xP( n \x) = P {n+1 \x) + XnP (n \x) + (kn + r)n(n - l))P (n - 1} (x), (1.2) 

and the generating function takes the form 

G(z, x) = exp (x^ x , v (z) - fcC^tf A ,i,(*))) , (1.3) 

where the functions ^\ trj (z) and C\, q {z) are determined by the parameters A and r\ 
only. In particular, C\ iV (z) is the cumulant generating function of the measure of 
orthogonality corresponding to the parameters k — 1, A and rj. In fact, for fixed A and 
77, the change of parameter k means a dilation of the underlying space R. We refer the 
reader to e.g. [15] for an explicit form of ^\ 7V (z) and C\ yV (z). We also note that these 
functions continuously depend on their parameters A and rj, see [17J for details. 

Let us now outline the infinite dimensional case, see [T2"l [T3"| [T7] for further details. 
Let T be a complete, connected, oriented C°° Riemannian manifold and let B(T) be 
the Borel cx-algebra on T. Let a be a Radon, non-atomic, non-degenerate measure on 
(T, B(T)). (For simplicity, the reader may think of T as R d and of a as the Lebesgue 
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measure). Let T> denote the space of all real- valued infinitely different iable functions 
on T with compact support. We endow T> with the standard nuclear space topology. 
Let V denote the dual space of V with respect to the center space L 2 (T,cr). Thus, 
T>' consists of generalized functions (distributions) on T. Let ^ denote the cylinder 
cr-algebra on V, i.e., the minimal a-algebra on V with respect to which, for any £ G T>, 
the mapping T>' 3 oj i— y (a>,£) G K is Borel-measurable. Here and below, (-, •) denotes 
the pairing between elements of a given linear topological space and its dual space. 

Let \i be a probability measure on (V',^) (a generalized stochastic process). The 
cumulant generating function of /i is given by 

C(0 = log (J e^ii{du)j , ieV. 

The Meixner class of generalized stochastic processes with independent values may be 
identified as follows. We fix arbitrary smooth functions A : T — y R and r\ : T — y [0, oo), 
and define a probability measure \x on (V, C) whose cumulant generating function is 

JT 

Here, C X (t), v (t)(-) is as in (TO}- 

Consider the set of all continuous polynomials on T>\ i.e., functions on X>' which 
have the form 

n 

FM = £y* /<*>), nGN . 

i=0 

Here, for each z, /W belongs to the z-th symmetric tensor power of T>, i.e., /W g P 0J , 
where denotes symmetric tensor product. Note that P * consists of all smooth 
symmetric functions on T % with compact support. 

For each g D 0n ; we denote by P(f^ n ') = P(f^ n \co) the orthogonal projection 
of the monomial (u® n , f( n ') onto the n-th chaos, i.e., onto the orthogonal difference 
in L 2 (V,fi) of the closures of the polynomials of order < n and of order < n — 1, 
respectively. Then P(f^) is a continuous polynomial. By construction, for any G 
£> 0ri and </ m ) G V &m with n ^ m, the polynomials P(f^) and P(g^) are orthogonal. 
Furthermore, for each u; G P', one can recursively define P^i^uj) G T>' &n , n G N, so 
that 

P(/W J w) = (pW(a;) l /W>. 
The (exponential) generating function of these polynomials is defined by 

^— ' n! 

n=0 
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where £ is from a neighborhood of zero in T>. We have: 



G(£, a;) = exp 



H),*A(.),r,(-)(£(-))}- / CA(t),^)(*A(t),,(t)(e(*)))^(^) 



;i.4) 



compare with ( jl.3p . Note that the measure a now plays the role of the parameter k in 

(O). 

Below, in the fee case, we will use, for many objects, the same notations as those 
used for their counterpart in the classical case. However, it should always be clear from 
the context which objects are meant. 

Introduced by Anshelevich [1] and Saitoh, Yoshida [18J, the free Meixner class of 
orthogonal polynomials on R consists of all monic orthogonal polynomials (P^)^L 
on R whose (usual) generating function has the form 

oo oo 

G(z, x) := P (n \x)z n = (1 - x*(z) - ^(z)))- 1 = £}(z*(z) + 

n=0 k=0 

where z is from a neighborhood of zero and $ and ^ satisfy the same conditions as in 
the classical case. Then the function $(z) automatically takes the form as in (11. ip . but 
with C(-) being the free cumulant generating function of the measure of orthogonality, 
/i: 

oo 

C(z) := ^VC (n) , 

71=1 

where C^ n > is the n-th free cumulant of fi, see [TJ |3]. 

A system of such polynomials is also characterized by three parameters k > 0, 
A G R, rj > and the polynomials satisfy the recursion relation as in (II. 2p but with the 
factors n and n — 1 being replaced by [n] and [n — l]o, respectively. Here, for q G R 
and n — 0, 1, 2 . . . , we denote [n) q := (1 — q n )/(l — q) and so [n] = for n = and 
= 1 for all n = 1, 2, . . . Thus, 



P (0) (x) = l, P (1) (x)=x, 

xP {i \x) = P {2 \x) + AP (1) (x) + kP {0) (x), 

xPV>(x) = P {n+1 \x) + AP (n) (x) + (fc + r!)P {n - l \x), n>2. 

Furthermore, the generating function G(z,x) takes the form as in (11.31) but with the 
the resolvent function replacing the exponential function. In fact, we have pQ 

2 

1 + Az + r^z^ 1 + Az + Tyz" 1 



so that 



z 2 



G(z,x)=[l-x- - + k- . (1.6) 

1 l + Xz + r]z 2 l + Xz + r]z 2 ' 
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We also note that the class of orthogonal polynomials which is now called the free 
Meixner class, was derived in the conditionally free central limit theorem and in the 
conditionally free Poisson limit theorem in [8]. 

In [3] (see also PJ), Anshelevich introduced and studied multivariate orthogonal 
polynomials of non-commuting variables with a resolvent-type generating function. He, 
in particular, noticed that the generating function G(z,x) should be defined for non- 
commuting indeterminates (zi, . . . , 2%) = z (which form coefficients by the orthogonal 
polynomials) and non-commuting indeterminates {x%, . . . , Xk) = x (which are variables 
of the polynomials), and the ^-variables must commute with the Xj- variables for all 
i,j = l,...,k. The generating function is then supposed to have the form 



We refer to [21 [3] for an extension of formula (11. ip to the multivariate case, for a re- 
cursion relation satisfied by the corresponding orthogonal polynomials, for an operator 
model of these polynomials, and for further related results. 

In part 1 of this paper, [9], we identified the Meixner class of non-commutative 
generalized stochastic processes uj = (u(t)) te T as those 

a) which have free independent values; 

b) whose orthogonal polynomials are continuous in u. 

The main aim of the present paper is to derive the generating function for a system of 
orthogonal polynomials as in b). However, when discussing a generating function for a 
system of polynomials of infinitely many non-commuting variables, the first question 
we have to answer is: What should serve as a generating function? Developing the 
idea of [3], we will proceed in this paper as follows. 

Think informally of each polynomial of u as (PW(w),/ w ), where (00) is an 
operator-valued distribution on T n and is a test function on T n . We will consider 
a class of test operator- valued functions on T, denoted by Z(T). We assume that, 
for each Z G Z(T) and t G T, the operator Z(t) commutes with each polynomial 
(P™(w),/' n '). (However, for s,t G T, Z(s) and Z(t) do not need to commute.) In 
Section [2], we give a rigorous meaning to a 'dual pairing' (p( n \u), Z® n ) and define a 
generating function 



Here Z® n (tt, . . . , t n ) := Z(t x ) ■ ■ ■ Z{t n ) for (t u . . . , t n ) G T n . We also show that the 
generating function G(Z, u) uniquely characterizes the corresponding system of poly- 
nomials. In Section [31 we prove that the generating function of the Meixner system is 




(1.7) 



00 



), ZeZ(T). 
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given by 



G(Z,w) =(l- <w(-),*A(.),„C)(^(-))> + J C mMi) i* mMl) iZit)))<Tidt) 

= (* - 1 + XZ + V Z> ) + Sr 1 + A(t)ZW + iWZfflS g(dt) ) ' (L8) 

where u is Meixner's non-commutative generalized stochastic processes with freely 
independent values corresponding to functions A and rj. The reader is advised to 
compare formula fll.Sp with the generating function in the classical infinite dimensional 
case, formula (jl.4p . and with the generating function in the finite-dimensional free case, 
formulas (jl.6p and (jl.7p . 

Finally, in Section [4j we discuss a related problem of the action of the annihi- 
lation operator at point t £ T, denoted by dt in [9]. Recall that, in the classical 
infinite-dimensional case, the annihilation operator d t can be represented as an ana- 
lytic function of the Hida-Malliavin derivative D t , more precisely d t = ^\u\ v (t)(Dt)- 
(Recall that D t is the derivative in the direction of the delta- function 8 t .) We discuss a 
free counterpart of this result in free Gauss-Poisson case, i.e., when rj = 0. A striking 
difference to the classical case is that we represent d t not just as a function of the free 
derivative D t in the direction St (this being impossible), but rather as a function of an 
operator D t G. More precisely, we show that d t = o(-^*^)- Here G is a 'global' op- 
erator, which is independent of t. In fact, G is a sum of certain integrals of D s over the 
whole space T. It should be stressed that this result is genuinely infinite-dimensional, 
since in one dimension we lose the notion of 'globality'. We expect that a similar result 
should also hold in the general case, not necessarily when rj = 0, and we hope to return 
to this problem in our future research. 

2 Generating function: construction and unique- 
ness of corresponding polynomials 

Just as in we will assume that T is a locally compact Polish space. We denote by 
B(T) the Borel cx-algebra on T, and by Bq(T) the collection of all relatively compact 
sets from B(T). For any fixed A £ B (T), we will denote by B(A) the trace cx-algebra 
of BiT) on A, i.e., {B e B{T) \ B C A}. 

2.1 Construction of integral of an operator- valued function 
with respect to an operator-valued measure 

Let Q be a real separable Hilbert space, and let J£{G) denote the Banach space of all 
bounded linear operators in Q . We will call a mapping Z : T — > J£{G) simple if it has 



— i 
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a form 

n 

Z{t) = Y,ZiX*(t\ (2.1) 

i=i 

where Zi, . . . , Z n G ^f(G), Ai, . . . , A n G Bq(T), n£N, and XA;(£) denotes the indica- 
tor function of the set Aj. We denote by Z(T) the set of all mappings Z : T — >■ Sf(Q) 
such that there exists a set i 6 Bq{T) and a sequence of simple mappings {Z„}^L 1 
which vanish outside A and satisfy 

sup \\Z{t) — Z n (t)\\£>(g) — > as n — >■ oo. (2.2) 
Clearly, Z(T) is a normed vector space equipped with the norm 

II^Hoo := SUp ||^(*)||jS»(£?). 

ter 

By construction, the set of all simple mappings forms a dense subspace in Z(T). 

Remark 2.1. It can be easily shown that any mapping Z : T — > which is contin- 

uous and which vanishes outside a compact set in T, belongs to Z(T). 

Let H be another real, separable Hilbert space. We consider a mapping 

Bo(T) 9A4 M(A) e Sf(H). 

We assume: 
(Al) M(0) = 0. 

(A2) M(-) admits a decomposition 

M(A) = [/(A) + F(A), AeB (T), 

with [/ (A), V(A) G J?(H) being such that, for any mutually disjoint sets A 1; A 2 G 
B (T), we have 

RanC/(A 1 ) JL RanC/(A 2 ), Ran V(Ai)* JL RanV(A 2 )*, 

where Ran A denotes the range of a bounded linear operator A, and the symbol 
_L refers to orthogonality in %. 

(A3) For any A G £> (T), any sequence of mutually disjoint sets A n G <6(A), n G N, 
and any F G Ti, 

(oo \ oo / oo \ * oo 

|jA n )F = Y,U(A n )F, V |J A « ^ = E^ A «)* F ' 
n=l / n=l \n=l / n=l 

where the series converges in T-L. 
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Remark 2.2. The reader will see below that assumptions (Al)-(A3) are sufficient for 
our purposes. 

For each Z G Z(T), we will now identify an integral j T Z®dM as a bounded linear 
operator in the Hilbert space Q®%. We fix any A G Bq{T). Let Z be a simple mapping 
as in (12.11) such that A,, C A for all i = l,...,n. Without loss of generality, we may 
assume that the sets Ai, . . . , A n are mutually disjoint. We define 

„ n 

-* T i=i 

By (A2), 

Ran(Z 4 ® C/(Ai)) 1 Ran(Zj <g> C/(Aj)), i ^ j, 
where _L refers to orthogonality in Q <g) %. Hence, for each F e G ®H, 

2 n 



Z®dUF 



= J2\\ Z *®U(A t )F\ 



2 



< 



En* 



2 I 

j||jf(g)l 



1®£/(A,)F||^ 



8=1 



< max 



v n 

j^JZ^g^J^U^Ui^Ffgm 
'"'' n / i=i 



1 ® [/ |J A< ] F 



\i=l 



< \\Z\\l \\l®U{A)F\\l m . 
Note that the latter estimate follows from the inequality 

\\l®U{A 1 )F\\g^ H <\\l®U{A 2 )F\\ g ^ A 1 ,A 2 eB (T), A 1 c A 2 , 
which, in turn, is a consequence of (A2) and (A3). Hence, by (12. 3p . 



Z®dU 



< II^IUI^4)|| 



(2.3) 



(2.4) 



Let now Z be an arbitrary element of Z(T), and let {Z n }^ =l be an approximating 
sequence of simple mappings as in the definition of Z(T). By (I2.4p . for any m,n G N, 



/ Z n ®dU - I Z m ®dU 




\ {Z n — Z m ) 


®dU 




JT JT 




JT 







< II 7, —7 I 



11^)11 
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Hence, { J T Z n <g> dU }°°_-, is Cauchy sequence in Jzf ((? and so it has a limit, which 

we denote by f T Z <g> <i£7. Clearly, the definition of L Z Cg> c/ZT" does not depend on the 
choice of approximating sequence of simple mappings. 

Note that, if Z(-) belongs to Z(T), then also Z(-)* belongs to Z(T). We can 
therefore define, for each Z G Z(T), 



Finally, we set 



Z®dV :-- 



Z®dM :-- 



dV* 



(2.5) 



Z®dU 



Z®dV. 



T 



By 



and (J23J, 



Z®dM 



< \\Z\U(\\U{A)\\ nu) + \\V{A)y {H) ) 



(2.6) 



Thus, we have proved 



Proposition 2.1. Let M satisfy (Al)-(A3). Then, for each A e Bq(T), there exits a 
constant C\(A) > 0, such that, for each Z G Z(T) satisfying Z{t) =0 for all t ^ A, 
we have 

( Z®dM <Ci (A) Halloo. 

Remark 2.3. The reader is advised to compare our construction of J T Z £g> dM with 
constructions of operator-valued integrals available in [HI dU US] 

Let us consider the special case where Q — R, and so =Sf (£7) = R. As easily seen, 
the set Z(T) is now the space B (T) of all bounded measurable functions / : T — > R 
with compact support. Furthermore, for each / G B (T), the operator f T f dM : = 
/ T / <8> g?M G Jz? ("H) is characterized by the formula 



fdMFt,F 2 



fdM FuF2 , F u F 2 eH. 



(2.7) 



r 



Here, for any A G £> (T) and any F 1; F 2 G the mapping 

B(A) M FljF2 (A) := (M(A)F u F 2 ) n G 



is a signed measure on (A, B(A)). By Proposition 12. 1[ the total variation of M Fl) p 2 on 
A satisfies 

\M Fl , F2 \(A) < CMWiWu \\F 2 \\h- (2-8) 

Remark 2.4. Assume that T — R and M(-) is an orthogonal resolution of the identity 
in H, i.e., a projection-valued measure on (R, S(R)). Then M(-) clearly satisfies the 
above assumptions and J R fdM is a usual spectral integral (see e.g. [5] [T9]). 
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2.2 Generating function uniquely identifies polynomials 

We will now consider a sequence (M^)^ =1 of operator- valued measures on Bo(T n ), 
respectively. Our initial assumptions on each will be slightly weaker than those 
in subsec. 12.11 

We assume that, for each n G N, we are given a function 

B {T n ) 9A4 MW(A) G Jzf('H) 

which satisfies the following assumption: 

(B) For any Fi,F 2 EH and any A G B (T), the mapping 

£ (A n ) 3 A M- M^ Fa (A) := (M (n) (A)Fi, F 2 ) w G R 

is a signed measure on (A n , B(A n )) whose total variation on A n satisfies 

\M^ F2 \(A n ) < C 2 (A) n \\F4n \\F 2 \\ H , (2.9) 

where the constant C 2 (A) only depends on A, and is independent of F ly F 2 G H 
and n G N. 

Analogously to (12. 7ft . we may then identify, for each G B^T 11 ), the integral 
J T n dM^ an an element of j£f (%). (This operator may be though of as a polyno- 
mial of the n-th order.) 

For any Z\, . . . , Z n G Z(T), we define 

{Z 1 ®Z 2 ®---® Z n ){t x , t 2 , . . . , t n ) := Z 1 (i 1 )Z 2 (t 2 ) • • • Z n (t m ), 

where the right hand side is understood in the sense of the usual product of operators. 
Note that, in the case where Q = R, for any / 1; f 2 . . . , f n G Z{T) = B (T), we evidently 
have 

fl ® h ® • • • ® /n = fl © /2 © • • • © /„■ 

For each Z G Z(T), we would like to identify an integral f Tn Z® n ® dM^ as an 
element of Jzf(<? (8> "H). However, we cannot do this under the above assumptions, so 
we define a four- linear form 

f Z® n 0dM^(G 1 ,F 1 ,G 2 ,F 2 ) 

-.= [ (Z(t 1 )---Z(t n )G 1 ,G 2 ) g dM < g >F2 (t 1 ,...,t n ), G 1 ,G 2 eG, F x ,F 2 en. 

(2.10) 
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As easily follows from the definition of Z(T) and (B), the function 
T n 3 (*!, . . . , t n ) -> • • • Z(t n )G u G 2 ) g G K 

is indeed measurable, the integral in (I2.10p is finite, and moreover, 

Z® n ®dM^(G 1 ,F 1 ,G 2 ,F 2 ) < II^II^CaCsupp^rildllollGfallollFillwIlFallw. 

(2.11) 

Here, supp Z denotes the support of Z. Hence, J T „ Z® n ® dM^ n > is a bounded (and so 
continuous) form. 

Remark 2.5. If there exists an operator Q< n ) G .Sf ((/ g> %) such that 

(Q^G^Ft, G 2 ®F 2 ) gm = [ Z® n ®dM^ {Gx, F u G 2 , F 2 ), G x , G 2 G Q, F x , F 2 e U, 

then we can identify J Tn Z® n eg) dM^ n > with the operator Q . However, the estimate 
(12.1 ip is not sufficient for this to hold. 

We define a generating function of (M^)^ =1 as follows. We set 

Dom(G) := {Z G Z{T) : || ^||ooC 2 (supp Z) < 1}. 

Note that for each Z G Z(T), one can find e > such that, for each a G (— e, e), aZ 
belongs to Dom(G). By virtue of (12. lip , for each Z G Dom(G), 

oo „ 

G{Z) := 1 + V / Z® n ® dM {n) (2.12) 

n=l ^ Tn 

defines a bounded four-linear form on Q x H x Q x H. Here, 1 denotes the form which 
corresponds to the identity operator in Q <g> 

Remark 2.6. Just as in Remark 12.51 if there exists an operator Q G Jz?({? ® H) such 
that 

(QG?i <g> Fx, G 2 <g> F 2 ) 50W = G(Z)(G a , F 1; G 2 , F 2 ), G 1; G 2 G £, F 1; F 2 G tt, 

then we can identify G(Z) with the operator Q. 

The following proposition shows that the generating function uniquely identifies the 
sequence (M w )™ =1 . 

Proposition 2.2. Lei (M^)^ and (M^)^ =1 satisfy condition (B). Assume that 

G(Z) = G(Z), Z G Dom(G) n Dom(G). (2.13) 
(Here, G(Z) denotes the generating function of {M^)^ =l .) Then, for each n G N, 
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Proof. Let Z G Z(T). Fix e > such that, for each a G (— e, e), aZ G Dom(G) D 
Dom(G). Then, by (I2.13p . for each Gi,G 2 G Fi,F 2 G "H and each a G (— e, e), 

oo « oo « 

J2 aU Z® n ®dM^(G u F u G 2 ,F 2 ) = J2 an Z rm ®dM in \G u F lj G 2j F 2 ). 

n=l n=l 



Hence, for each n G N, 



/ Z® n ®dM {n) =[ Z® n ®dM {n \ ZeZ{T). 

Jrpn Jrp n 

Now, take as Hilbert space Q the full Fock space over £ 2 : Q = J-{£ 2 ). Fix n G N 
and choose any mutually orthogonal vectors e±, . . . , e n in £ 2 with norm 1. Fix arbitrary 
Ai, . . . , A n G Bq(T) and define Z G Z{T) by 

n 

Z(t):=^a + (e,) X A 1 (t), 



i=i 



a + {ei) being the creation operator at ej. Set G*i := Q — the vacuum, and G 2 :- 
ex ® e 2 g) • • • (g) e„. Then, for any F 1; F 2 , G 



Z® n ®dMW{G 1 ,F 1 ,G 2 ,F 2 ) 

22 ( e u ® e *2 ® • • • ® e in , ei <8> e 2 <g> • • • <8> e n ) T ^ 



11, 12, ...,!n = l,...,l! 

r(«) 



M^ 2 (A 1 xA 2 x---xA n ). 



Therefore, 



Mg F2 (A! x A 2 x • • • x A n ) = M^(A X x A 2 x • • • x A n ). 
Hence, by (B), for any A G £ (T n ), 

<k(A) = Mg F2 (A), 
which implies the proposition. □ 



3 Generating function for a free Meixner process 

We start with a brief recalling of the construction of a free Meixner process from [9]. 
Let T be as in Section El and we denote V := C Q (T). Let a be a Radon non-atomic 



12 



measure on (T,B(T)) which satisfies cr(0) > for each open, non-empty set O in T. 
Fix any functions A, 77 G C(T), which play the role of parameters of the free Meixner 
process. Consider the extended Fock space 

00 

F = ie0L 2 (r, Tn ). 

n=l 

Here, each measure 7„ on (T n ,B(T n )) is defined as in [9] through the function rj. In 
particular, 7„ = <j® n if and only if 77 = 0. 

The free Meixner process is defined as the family (X(f)) f G x> of bounded linear 
operators in F given by 

X(f) = X+(f)+X (f)+X-(f), 

where the creation operator X + (f), the neutral operator X°(f) and the (extended) 
annihilation operator X~(f) are defined by formulas (4.1)-(4.3) in [9J. We also have a 
representation of each X(f) as 

X(f)= [ a(dt)f(t)u(t) = (u,f), 
Jt 

where 

u(t) = d\ + \{t)d\d t + d t + V (t)djd t d t (3.1) 

with d t and d t being the creation and annihilation operator at point t, respectively 
(see Corollary 4.2]). 

The corresponding system of orthogonal polynomials is denoted in this paper as 

(P {n) (to), / (n) ), / (n) G V {n) : = Q,(T n ), n G N . 

These are the bounded linear operators in F which are recursively defined through 

P (0) H = 1, P W (L0)(t) =U}(t), 

P< n >(w)(*i, ...,t n )= tu^P^iu)^, ...,t n )- 5(t 1 ^ 2 )A(t 1 )p( n - 1 )(o;)(t 2 , . . . ,t n ) 

- 5(t u t 2 )p( n - 2 \uj)(t 3 , ..., tn )-[n- 2} 5(t 1 ,t 2 ,t 3 )r ] (t 1 )P ( < n - 2 \uj)(t 3j . . . ,t n ), n > 2, 

where 5(ti,t2) and 5(^1,^2,^3) are the 'delta-functions' defined as in [9, Section 2]. In 
particular, for any fx, . . . , f n G T>, n > 2, 

(P (n) M, A ® • • - ® / n ) = (w, A) (P (n - 1} (o;), A ® • - • ® A) 

- (P^V), (AAA) ® A ® • • • ® A) - jf A WAW (P (n - 2) (^), A ® • • • ® A) 

- [n - 2] (p("- 2 )(a;), (77/1/2/3) ® A ® • • • ® A)- (3.2) 
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Recall also that we may extend the definition of X(f) and of (P( n \cu), f^) to the case 
where / G B (T) and p n ' G B (T n ), respectively. 

Our aim now is to derive the generating function for these orthogonal polynomials. 
So, let us fix a Hilbert space Q. From now on, for simplicity of notation, we will 
sometimes identify operators 3£ G ^f(G) and G Jzf(F) with the operators 3£ £g> 1 
and 1 ® W in Jgf(C?®F). 

For each / G P, we clearly have (a;,/) = J T fdM, where for each A G Bq(T), 
M(A) := X(xa)- Note that M satisfies conditions (A1)-(A3) with 

U(A)=X+( X a)+X°(xa), V(A)=X-( X a). 
Therefore, by subsec. I2.1[ we define, for each Z G Z(T), 

(u,Z) := J Z © dM G Jf(Q © F). 

It easily follows from (12.61) and the definition of the space F that 

|| (w, Z)\\^ igm) < ^^^(suppZ), Z G Z, (3.3) 

where 

C 3 {A) := 2y/tfAj + 2supr/(t) + sup |A(t)|, A G B (T). (3.4) 

teA teA 

For any n G N and any Zi, . . . , Z n G Z(T), we recurrently define an operator 
(P (n) (u;), Zx®---®Z n ) from JS?(£ ® F) as follows. By analogy with (Q, we set 
(P(°)(w),^ > := 1, (P (1) (w), Z) := (w, Z) and for n > 2 

(P (B) (w), © • • • © Z n ) = (oo, Z x ) (PW(u),Z 2 ®---®Z n ) 
- (P (n - 1} (w), {XZ 1 Z 2 ) © Z 3 © • • • © Z n > 

- [ Z l (t)Z 2 (t)a(dt)(P {n - 2 \uj),Z- i ®---®Z n ) 

JT 

- [n - 2] (p( n - 2 \u), (r)ZiZ 2 Z 3 ) © Z 4 © • ■ ■ © Z n ). (3.5) 

Note that, for any Zi, Z 2 G Z(T), the point-wise (non-comutative) product Z\Z 2 be- 
longs to Z(T), and for each Z G Z(T), XZ and r)Z also belong to Z(T). In formula (13. 5p 
and below, for each Z G Z(T), the integral j T Z(t) a(dt) is understood in Bochner's 
sense, see e.g. [51 H~9]. 

It then easily follows by induction from (I3.3p -( |3~5l) and a standard estimate of the 
norm of a Bochner integral that, for any A G Bq(T), n G N, and any Z\, . . . , Z n G Z(T) 
with support in A: 

II (p (n) M, © • • • © z n )y (gm) < c^aywzxW^ ■ ■ ■ ||z n |u (3.6) 
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where 

C A {A) : = C 3 (A) + a{A) + sup |A(t)| + sup 7]{t) 

teA teA 

= 2y/a{A) + a{A) + 2 sup 77(f) + 3 sup \X(t)\. (3.7) 

teA teA 

Hence, for each Z G Z(T) such that || Z \\ (supp Z) < 1, the sum 

oo 

G(2) = l + ^(P (n) (w),Z 8n ) (3.8) 

n=l 

defines an operator from J£(Q ® F). 

Next, we set, for each n G N and A G B (T n ), 

M W (A) :=(P^(u), X a). 

Analogously to ( 13. 6p . we conclude that the sequence (MW)™! satisfies condition (B), 
and so the function G defined by (13. 8p is the generating function of the operator- 
valued measures {M^)™ =1 in the sense of subsec. 12.21 Hence, by Proposition 12. 2\ 
the generating function G uniquely identifies (M^)^ =1 , and hence also polynomials 
(P^(u)J^), G £> (n) . 

To stress the dependence of the generating function G(Z) on the free generalized 
stochastic process u, we will write G(Z,u>). 

Theorem 3.1. Fix any A G Bq(T). Then there exits a constant C§(A) > such that, 
for any Z G Z(T) satisfying suppZ C A and ||Z||oo < C^{A), formula ( 11.8H holds. 
Furthermore, we have 

G(Z, w) = (1 - f(Z)(u(.), ^^(Zi.))))- 1 f(Z), (3.9) 

where 

/(*>== ( 1 + / r i + A( t )zf t H,w ffW )"'- (3 ' 10) 

Remark 3.1. The right hand side of formula (II. 8p should be understood in the follow- 
ing sense: for any real- valued function f(x) = Y2'^=o a n xn which is real-analytic on 
(— r, r), we write, for a bounded linear operator B whose norm is less than r: f(B) := 
Y^=o a nB n '. Under our assumption on Z G Z(T), we then have 1+A ^^ z2 G Z(T), 
1 = 1,2. 

Proof. We divide the proof into several steps. 

Step 1. First, for a fixed A G B (T), let us explicitly specify a possible choice of a 
constant Cs(A) in the theorem. For each t G T, define a(t),/3(t) G C so that 

a(t) + P(t) = X(t), a(t)P(t)=7)(t). 
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Hence, for each x G M, 

1 + X(t)x + r](t)x 2 = (1 - a(t)x)(l - /3(t)x). 
The right hand side of formula (jl.8p now reads as 

(1 - (w, Z(l - a^) -1 (l - 

+ J Z{t)\l-a{t)Z{t))-\l-P{t)Z{t)Y 1 a{dA (3.11) 

(we consider the above operator in the complexification of the real Hilbert space Q <g)F, 
for which we keep the same notation). Set 

oca ■= sup |ot(t)|, := sup |/3(t)|. 
Choose C 6 (A) > so that 

' oo \ / oo \ 

£ «^e(^) fc £ C 6 (^4) (C 3 (A) + <7 6 (A)<7(vl)) < 1. 

\fc=0 / \/=0 / 

Then, by virtue of (13. 3p . we have that, for each Z G Z(T) such that suppZ C A and 
Halloo < C6(^.)j formula (13.111) defines a bounded linear operator in Jz?(£7 ®F). Recall 
drij-d33D. Then setting 

CfcGA) := min^CA)" 1 , C 6 (A)}, (3.12) 

we see that, for each Z G Z(T) such that supp Z C A and ||Z||oo < Cs(A), the left and 
right hand sides of formula (jl.8p identify bounded linear operators in Q ® F. 

Let us denote the operators on the left and right hand sides of formula (11.81) by 
L(Z) and R(Z), respectively. Fix any 5, Y G £ <S> F. It follows that, for any Z G £(T) 
such that supp Z C A, the functions 

f L \z) := (L(*Z)S, T) g0F , f {R \z) := (i2(zZ)S, T) g0F 

are analytic on {z G C : |z| < C^^HZH" 1 }. 

Step 2. Fix any A G Bq(T). Choose any set partition & = {A±, . . . , Aj} of A, i.e., 

j 

A = |J A„ A j g Bo(T), j = 1, . . . , J, J G N 



and the sets Aj are mutually disjoint. Set 
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and define a function 



Xj, if t e Aj, j = 1, . . . , J, 
o, if t e A c , 



and analogously a function rj^>(t). Now, we define a generalized operator- valued pro- 
cess u&>{t) and corresponding non-commutative polynomials (P^(u^>), f^), G 
B (T n ), in the same way as to(t) and (p( n \cu), p n ^) were defined, but by using the 
functions \&> and r\@> instead of A and 77, respectively. We stress that these are also 
defined in the extended Fock space F constructed through the function 77. Hence, gen- 
erally speaking, the operators (P( n \tu^), f^) are not self-adjoint in F. This, however, 
does not lead to any problem when we define a generating function G^>(Z) of these 
polynomials. In particular, the corresponding operator-valued measure 

M^(A) :=(u<?,xa), AeB (T), 

satisfies conditions (Al)-(A3) with U(A) = X + (xa) + X%(xa) and V(A) = X^(A), 
where 

A + (xa):= / d\a{dt), X%( X a) := [ A^f)^ a(dt), 

J A J A 

X^( X a) := I (d t + V ,At)dld t d t )a(dt), 



compare with (13. ip . (We leave the evaluation of the adjoint operator of X^,(xa) in F to 
the interested reader.) Furthermore, analogously to (13.61) . we get, for any A e Bq(T), 
nGN and any Zx,...,Z n E Z{T) with support in A, 

|| (P (n W), Z l ®---®Z n ) y mw) < C 4 (A) n || Zi || oo ■ ■ • \\Z n \U (3.13) 

with the same constant C±(A) given by (13. 7p . (We, in particular, used that 775s (i) < 77 (t) 
for all t e A.) 

Step 3. By definition, for each j — 1, . . . , J, the polynomials ((p( n ) (u gs) , XA n ))°°-i 
satisfy the recursion relation 

- HA,) + [n- 2}oV j ){P (n - 2) M,xfr 2) ), n>2. 

Therefore 

(pW(^),xi;) = p|;^ ff(Aj) ((^, X A,)), (3.i4) 

where (Pj[ J? . ))r^=o * s a system of polynomials on R recursively defined by 

p(°) ( w ) = 1 , A .( M )= M) 

Aj,?7j,ct(Aj)V V 5 Aj,r/j,o-(Aj)V 7 j 
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(3.15) 



By [TJ, the generating function of {P^\. ct (a ))n^=o * s gi ven by 



n=0 



More precisely, for each r > 0, there exists e rj A > such that formula (I3.16P holds for 
each u G K with |w| < r and for each zgC such that \z\ < e ry A- 

Let Zj G Jzf(£) be such that \\Zj\\^ {g) < C B (A), where C 5 (A) is given by fl3TT2|) . 
Then, by (13TTD and (I3TT6D . we get 

oo 



n=l 



2 



(3.17) 

Denote 

Z Z 2 
£/,- := (tUaa, ya.) n + cr(Aj) K , 7 = 1, .... J. 

Then (13.171) is equivalent to 

oo oo 

j2(p^M,(z jXAj )n=J2 u ^ j = i>---,j- (3.i8) 

n=l n=l 

Step 4. We claim that, for any n G N and any ji, j 2 , . . . , j n G {1, 2, . . . , J} such 
that ji ^ j 2 , j 2 ^ J3,- • ■ , jn-i Jn, and any fc l5 k 2 ,...k n e N, we have 

(p(*i+*a+-+*»)( a , 5 ,) > x®*! ® X ®J <g, . . . ® 

= (P^(^),xI^)(P (fc2 H^), X ^p---(P (fc "H^),xIt)- ( 3 - 19 ) 

Indeed, first we can prove by induction in k\ G N that, for any fixed k 2 G N, and any 
ji,j2 G {1,2,..., J}, ji =£j 2 , 

(p ( *^W).x!£ ®x2£> = (p {hl \u&),xT^){p {k2 \us>),xT*)- 

Then, we prove (13.191) by induction in n G N. 
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Step 5. Now, fix any Z 1( . . . , Zj 6 (Q) such that 

max \\Zj\y ig) < 

3=1,..., J J 



max \\Zjy {g) <Q^. (3.20) 



Then, as easily seen, 

max ||E/j||jsf(0«F) < - 

3=1,..., J J 

By (13TT8D and (13ET91) . we have: 

oo 
n=l 

oo / oo \ / oo 



E E E<5 - Et 

™ =1 Jij2,-Jn6{l,2,...,J} \fcl=l / \fc 2 = l / \fc»=l 

oo / oo 

n=1 Jl,J2,-.in6{l f 2,...,J} \fel=l 



OO 



X 



Vfc2 = l / \fen = l 

oo oo oo oo 

E E EE-E 

n=1 31,32,— ,in6{l,2,...,J} fci = l fc 2 = l fcn=l 

il^J2, 32^33,-, jn-l^jn 



X (P (fcl+fe2+ - +fc " ) (^), (^XA,)* © (Z h XA h r k2 © • • • © (^XA Jn )^) 
oo 

= ^(PW(^), (Z lXAl + z 2XA2 + ■ • ■ + z„ XA „r>. 

71=1 

Setting 

Z(t) = Z 1 XA 1 (t) + ^2XA 1 (t) + --- + ^jXA J (t), teT, (3.21) 

we thus get 

oo 
71=1 

= i + \^z + ^ ) + St i + Mpi + vAt)z(ty a(dt) ) ' (3 ' 22) 

provided fl3E2Dj) holds. 
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Step 6. Denote the left and right hand sides of formula (I3.22p by L^>(Z) and Rg>(Z), 
respectively. Analogously to Step 1, we see that L&{Z) and R&>(Z) are in J£{G ® F) 
for any Z G Z(T) such that supp Z C A and H-ZJIoo < C^A), and furthermore, for 
fixed H, T G Q ® F and any Z £L Z such that supp Z C A, the functions 

are analytic on {zeC: |z| < C 5 {A) \\Z\\^}. By (13T221 . we have 

fS\z) = fP(z) (3.23) 

for all z G C satisfying \z\ < C 5 (A)J~ 1 \\Z\\^-. Therefore, equality (I3.23P holds for all 
z G C satisfying \z\ < C 5 {A)\\Z\\^. Hence, holds for any Z G Z(T) as in flXm 

provided that 

max 1 1 | l^rg) < C 5 (A). 
j=i,...,j 

Step 7. Now, fix any Z G 2(T) as above and consider any partition of A which 
is finer than i.e., any element A G is a subset of some Aj G Evidently, 
formula (13.221) remains true if we replace U)&> with in it. For each n G N, denote 
by & n a partition of ^4 which is finer than & and such that, for each A G <5^ n , 

sup |A(t)-A(s)| J V (sup \v(t)-v(s)\) <-. 

(Clearly, such £? n exists.) By the dominated convergence theorem, 

L& n (Z) L(Z), R<? n (Z) ->• R(Z) as n -too 

in Jzf ((? (g) F). Hence, formula (jl.8p holds for any simple mapping Z G 2(T) satisfying 
supp Z C A and ||.Z||oo < C$(A). Now, for a general Z G Z(T), (\1.8\i follows by 
approximation of Z by simple mappings and the dominated convergence theorem. 

Finally, formulas (13.91) . (I3.10p follow directly from (ll.8p . since under our assump- 
tions, the operator 

r z{tf 
1 + j T iTW)m^W)ZW o[ t] 

is invertible. □ 

Corollary 3.1. Let Ai,A 2 ,...,A n G B {T) (n > 2) be such that A t n A i+1 = 0, 
i — 1,2, . . . ,n— 1. Let k\, k 2 , . . . , k n G N and /ei ; /or eac/ii = 1, 2, . . . ,n, o (fcj) G B (T ki ) 
vanish outside the set A**. T/ien 

(p(*i+*a+-+*»)( £l ,) > 0(*O g) <g, . . . ® 

= (P (fcl) (w), o (fcl) ) (P (fc2) (w), o (fc2) ) • • • (P (M (w), O^). 
Proof. The statement follows analogously to the proof of formula (13.191) . 

□ 
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4 A globality of the annihilation operators 



Recall that the free Meixner process (X(f))f^x> is a family of bounded liner operators 
acting in F. In view of the unitary isomorphism between F and the non-commutative 
L 2 -space L 2 {t) (see [9]), each X(f) acts in L 2 (r) as the operator of left multiplication by 
(a;, /). In view of the expansion (13. ip it is, in particular, desirable to better understand 
the action of the annihilation operators dt, t G T. Each such operator is well defined 
as a linear operator acting on the set of continuous polynomials in u (denoted by CP 
in [9]) through 

d t (P (n) (u), /W) = (P^iu), f (n \t, •)), f {n) G 2)W. 

(Recall that each continuous polynomial has a unique representation as a finite sum of 
orthogonal polynomials (P^ n \uj)J {n) } with G £> {n) .) 

In the classical case, in one dimension, the annihilation operator d, defined by 
dPW(t) = nP (n \t), is an analytic function of the operator of differentiation, D. In- 
deed, it directly follows from ( II. 3p that d = ^ (D), cf. [T5]. This result has its 
counterpart in the infinite-dimensional follows from ( II. 4p . the annihilation 

operator at a point t satisfies 

where D t is the operator of differentiation in the direction of the delta-function at t 
(often called Hida-Malliavin derivative), cf. [T2J [XT]. In particular, if X(t) = rj(t) = 
(Gassian white noise at t), 

d t = D u (4.2) 
and more generally, if rj(t) = (Poisson white noise if X(t) ^ 0) 

^ ' k=l 

In the free case, in one dimension, one has 

G(z,t) = (l-t* x , v+k (z))- 1 f(z), (4.4) 

where 

m 



1 + Xz + (rj + k)z 2 ' 

1 + Xz + i]z 2 
1 + Xz + (rj + k)z 2 ' 



Therefore, the corresponding annihilation operator, defined by dP^ n '(t) = [n]oP^ n ^(i), 
satisfies d = ty^ 1 +k (D), where D now denotes the operator of free differentiation: 
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Dt n = [n] t n 1 , or equivalently Df{t) = ^ , cf. [14]. In the infinite-dimensional 
case, we define operators of free differentiation by setting, for each t gT, 

D t (u® n , /<»>) = Wo^®^- 1 ), •)>, / (n) e 2> (n) . (4.5) 

However, a direct analogy with the classical case and the free one-dimensional case 
breaks down at this point: the operator d t cannot be represented as a function of D t . 
Indeed, the operator f(Z) in (13. 9p is 'global': according to (13.101) . f(Z) depends on the 
whole 'trajectory' (Z(s)) sS t- Still, in the free Gauss-Poisson case, we will now derive 
a free counterpart of formulas (14. II) - (14. 3 1) . 

So, let r] = 0. Let iVC>2(l,2, ...,n) denote the set of all non-crossing partitions 
of {1,2, ... ,n} such that each element of a partition contains at least two points. 
Analogously to [9J, we define, for each ( e NC> 2 (1, 2, . . . ,n), 

w-(o(tt, ,t„)=n n A'- 2 (t n )5(t n , t l2 , ...,t k ). 

We define a linear operator G acting on CP (a 'global' operator) by 

oo „ 

G:=l + J2 J2 / °(dti)v(dt 2 )---a(dt n )W-(()(t 1 ,...,t n )D tl D t2 ---D tn . 

n=2 C6A r C> 2 (l,2,...,n) 

(4-6) 

In fact, by virtue of (14.51) . when the operator G acts on a polynomial from CP, all but 
finitely many terms in the sum in (14.61) vanish. For example, 

G(cu m , A ® f 2 <g> / 3 ® / 4 ) = (l + v{dh)a{dt 2 )5{t x ,t 2 )D tl D t2 



+ / a(dt 1 )a(dt 2 )a{dt 3 )X(t 1 )6(t 1 ,t 2 ,t 3 )D tl D t2 D t3 

+ / a(dt 1 )a(dt 2 )a(dt- i )a{dU) (8{t u t 2 )8{t 3 , t 4 ) + S^t^Sfa, t 3 ) 

+ A(A) 2 <*(A, t 2 , t 3 , U))D tl D h D t3 D t ^J (u m , h ® f2 ® / 3 ® / 4 ) 

= ( W ® 4 , A ® / 2 ® / 3 ® A) + (/i/ 2 »® 2 , A ® A) 
+ (XfMdM A) + (A/ 2 ) CT (A/ 4 ) CT + (AA),(/ 2 /3). + (A 2 AAAA)., (4.7) 

where := f T f(t)a(dt). 

Theorem 4.1. Lei 77 = 0. For eac/i t & T, the operator d t acting on CP /ias i/ie 
following representation: 
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In particular, if X(t) = 0, 

d t = D t G. 

Remark 4.1. When the operator YlT=i X(t) k ~ 1 (D t G) k acts on a polynomial from CP, 
all but finitely many terms in the sum vanish. 

Remark 4.2. The reader is advised to compare formulas (14.31) and (14.81) . Recall that 
the free counterpart of k\ is [A;]o! = 1. 

Proof. First, we mention that, by (II. 5p . \I/a,o(<2) = z/(l + \z), and so ^^q(z) = z/(l — 
Xz. ' 

Let now n G N. Recall that, in [Sj (after Theorem 2.1), we introduced the class 
G n of ±l-marked non-crossing partitions of {1,2, ... ,n} such that each element of 
a partition with mark —1 has at least two elements and no element of a partition 
with mark +1 is 'within' any other element of this partition. Analogously, for any set 
{i%,i 2 , ...,4} C N, we denote by G(ii,i 2 , ■ ■ ■ ,ik) the corresponding class of marked 
partitions of {h,i 2 , ■ ■ ■ , ik}- For any two disjoint sets {ii, i 2 , ■ ■ ■ , ik} and {ji, j 2 , ■ ■ ■ ,ji} 
and any x x G G(ii,i 2 , ... ,4), x 2 G G(ji,j 2 , . . . , ji), we may consider Xi U x 2 as an 
element of G{i\, i 2 , . . . , ik 1 ii 1 i2, ■ ■ ■ ,ji), provided xi U x 2 indeed satisfies the necessary 
conditions to be in this set. 

We also denote by G~{ii,i 2 , . . . ,ik) the subset of G{i\,i 2 , . . . ,ik) consisting of all 
marked partitions whose all elements have mark —1. (Note that each set from such a 
partition has at least two elements.) 

By [21 Theorem 2.3] and using the notation introduced in that paper, for any 
f 1} ...,f n eV, we get 

(w® n ,/i,®---®/ n )= Yl I v(dti)---v(dt n ):W(x)u(t 1 )---u(t n ):f(t 1 )---f(t n ) 

n—k—l 

= E E E E E 

fc=l,...,n xi£G- (l,2,...,fc— 1) m=l {i 1 ,i 2 ,...,i m }c{k,k+l,...,n} x 2 eG" (ii+l,ii+2,...,i 2 -l) 

k=i±<i 2 <-<im 

E ••■ E E 

X3eG _ (j2+l,*2+2,...,J3-l) x m eG'(! m -i+l,i m -i+2 r ..,i ra -l) x m +ieG(s m +l,! m +2,...,n) 

x / a{dt l ) ■ ■ -a{dt n ) -W{h\ U h 2 U • • • U x TO U Xm+i U C(«i,*2, • • • ,i m )) 

Jrpn 

xuj(t 1 )---uj(t n ):f(t 1 )---f{t n ), 

where C(*i>*2j • • • j ^m) denotes the element of G(ii, i 2 , . . . , i m ) which has only one ele- 
ment: the set {ii,i 2 , ■ ■ ■ ,i m } with mark +1. Therefore, using obvious notations, we 
get 

^(w® n ,/i,®---®/„>= J2 E 

fe=l,...,n CieA r C*> 2 (l,2,...,A;-l) 
fc^2 
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X 



x / a{dt 1 )'--a(dt k - 1 )W-(C 1 )(t 1 ,... 1 t k - 1 )f 1 {t 1 )''-f k - 1 {t k - 1 ) 
J T k-i 

n—k—l 

E E H^fiiWM'-'fUt) 

m=l {i lj i 2 ,...,i m }c{k,k+l,...,n} 

k=ii<t2<-<i m 
m „ 

II E / H _ n _! ^(^Vi+o^^i-i+a) ■ • • ^Vi) 

Z=2 C i eJVC> 2 (i;_ x +l,ii_ 1 +2,...,i;-l) " /T * 1 

W / (0)(^ i _i+l ) ^ i _i+2, • • . ,*t I -l)/i l _ 1 +l(*ii_ 1 +l)/ii_ 1 +2(<t I _i+2) • • -/tj-l^tj-l) 



X 



x€G(i m +l,i m +2,...,n) ' 

x :W(*r)u;(t im+1 )u;(t im+2 ) • • /i m +i(*i TO +i)/i m +2(*< m +2) • --fnitn) | . (4.9) 

Since the latter expression in the brackets is equal to 

(u®( n - i ™\f im+1 ®f im+2 ®---®f n ), 

we conclude the statement of the theorem from (|4.9|) . □ 
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